We investigate resonant dipole-dipole interactions between two "superatoms" of different angular momentum, consisting of two Rydberg-blockaded atom clouds where each of them carries initially a coherently shared single excitation. We demonstrate that the dipole-dipole interaction breaks up the superatoms by removing the excitations from the clouds. The dynamics is akin to an ensemble average over systems where only one atom per cloud participates in entangled motion and excitation transfer. Our findings should thus facilitate the experimental realization of adiabatic exciton transport in Rydberg systems by replacing single sites with atom clouds.
I. INTRODUCTION
Rydberg atoms have several remarkable properties, such as long lifetimes, large polarizability and strong long-range interactions. These properties have turned Rydberg atoms into versatile tools for quantum information [1] [2] [3] [4] [5] , nonlinear quantum optics [6] [7] [8] or cavity quantum electrodynamics [9] [10] [11] . Recently, also the potential of Rydberg atoms for quantum transport in atomic aggregates has been demonstrated [12] [13] [14] [15] [16] . The underlying physical mechanism is closely related to the one of excitation transport in molecular systems [13, 17, 18] .
So far, only single atoms have been considered as building blocks for excitation transport in Rydberg aggregates. An experimental implementation would be facilitated if the single atom sites could be replaced by atom clouds. This has motivated us to explore the possibilities for extending the existing Rydberg transport schemes using atom clouds as sites.
When several atoms are brought together in clouds, they exhibit an effect known as Rydberg blockade [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . At small interatomic distances, the van-der-Waals interactions U vdW = C 6 /r 6 (where C 6 is a statedependent interaction constant and r the interatomic distance) become large. These interactions lead to an energy offset of all many-particle states with more than one Rydberg excitation with respect to the energy of the states with just a single excitation. As a consequence, although irradiating an entire atomic cloud, a laser can create at most one Rydberg excitation resonantly, within a radius at which this energy offset is larger than the laser linewidth. The latter is limited by the Rabi frequency Ω of the driven transition, which gives an estimate of the minimum interatomic distance between two Rydberg excitations, known as the blockade radius r bl ≈ (C 6 / Ω) 1/6 . The interplay of the Rydberg blockade with quantum transport has appealing new aspects which we investigate in the following.
We concentrate on a system of two atom clouds, well separated in space. A similar arrangement was studied in Ref. [29] in the limit of a frozen Rydberg gas. Here we choose the spatial extension σ of each cloud to be smaller than the blockade radius r bl , while the inter-cloud distance L is significantly larger than r bl , see Fig. 1 . For such parameters, the electron dynamics is restricted to a single Rydberg excitation per cloud, and we consider a situation in which each of the two Rydbergblockaded clouds is initially prepared in a coherent collective excitation. Such states can nowadays be experimentally created [24] and are sometimes referred to as superatoms [30, 31] . They are a coherent superposition of states where all atoms within the cloud but one are in the ground state and one atom is in a Rydberg state |νl . Here, ν and l denote the principal and angular momentum quantum numbers of the Rydberg state, respectively. We shall further imply with the term superatom, that all the atoms taking part in the superposition of electronic states share almost identical spatial probability distributions.
We will analyze the resonant dipole-dipole interactions [32] [33] [34] between two superatoms of different angular momentum, with the setup and the model described in section II. Then, we will discuss the electronic excitation transfer in the limit of frozen atomic positions in section III, which already singles out some interesting features of the two interacting superatoms. Subsequently, we will turn to the effects of the electronic excitations on the motion of the atoms in section IV. The paper ends with a summary and conclusion in section V. Relevant derivations regarding the semisclassical nature of electronic dephasing, the separability of free and entangled atomic motion, the numerical implementation of the atomic dynamics and collisional influences are provided in Appendices A-D.
II. THE SETUP
We denote the two atom clouds as A and B with N A and N B atoms in the respective cloud, while N = N A + N B is the total number of atoms. Each atom is labeled uniquely, such that atoms with numbers 1..N A belong to cloud A while (N A + 1)..N refers to atoms in cloud B, summarized in the index sets
We consider one spatial dimension along the separation of the clouds, and take three electronic states into account: The ground state |g and two Rydberg states |νs and |νp . Since the principal quantum number ν of the Rydberg states is kept fixed it will be omitted in the following. With these restricitions, the Hamiltonian for our system reads
where M is the mass of a single atom, r i the position of the i-th atom and H el the electronic Hamiltonian describing dipole-dipole-interactions between the atoms. Generally, any of the N atoms can be in either of the three states |g , |s , |p . However, the Rydberg blockade and the binary character of the dipole-dipole interactions significantly reduce the dimensionality of our problem. The former excludes states with more than one Rydberg excitation with the same angular quantum number within one cloud, while the latter excludes states in which both the s and the p excitation are localized within one cloud. We define electronic states
where the n-th atom is in the Rydberg state |s , the mth atom in the Rydberg state |p and all others in the ground state, and impose an additional constraint (n ∈ A and m ∈ B) OR (m ∈ A and n ∈ B) ,
as sketched in Fig. 1 . The states of Eq. (3) constrained according to Eq. (4) thus constitute a basis in the 2N A N B -dimensional electronic subspace. We assume that the dipole-dipole interaction of strength V 0
between the two excited atoms n and m depends only on the interatomic distance r nm = |r n −r m | neglecting possible orientation effects. This is a description sufficient for certain geometries and selected states [16, 29, 35] . Using Eq. (5) the matrix elements of the electronic Hamiltonian H el from Eq. (2) read
As a consequence of the Rydberg blockade, the electronic Hamiltonian in the matrix representation, Eq. (6), has a block-diagonal structure, as can be seen in Table I . This has drastic consequences for the electron and atom dynamics: (i) The excitation exchange between the clouds can be resembled by an average over single atom pairs and (ii) the force resulting from the dipole-dipole interactions only acts on one atom per cloud rather than the whole cloud. We will discuss these effects in sections III and IV, respectively. Before doing so, we introduce a few necessary technical details in the following subsection. H el |π13 |π31 |π14 |π41 |π23 |π32 |π24 |π42 π13| 0
The full wave function can be written as an expansion in the electronic basis |π nm
with coefficientsφ nm (R, t) which depend on time t and the atomic positions r i , summarized in the vector R = (r 1 , .., r N ). Instead of the states |π nm , we may alternatively also use the eigenstates of the electronic Hamiltonian to span the electronic subspace. These states |ϕ k (R) (k = 1, .., 2N A N B ) generally depend on the atomic positions and satisfy
The eigenvalues U k (R) are often referred to as the adiabatic surfaces. The corresponding expansion of the full wave function can be written as
We refer to these two possible representations of the wave function as the diabatic (Eq. (7)) and adiabatic (Eq. (9)) expansion respectively, either of which can be a convenient choice, depending on the particular system and/or observable of interest. In our case, the electronic Hamiltonian has the simple structure of. Eq. (6) and Table I , and as a consequence, the mapping of the diabatic onto the adiabatic basis is quite simple as well. The adiabatic surfaces U k (R) can be grouped into N A N B pairs, each of which can be written in terms of the Hamiltonian matrix elements as U ± nm (R) = ±V nm (r nm ), see Eq. (6). The corresponding adiabatic basis states |ϕ k become independent of R and assume the form |ϕ
The adiabatic expansion of the wave function hence reads
If we insert the above expansion into the time-dependent Schrödinger equation, we find that the equations of motion for the coefficients φ ± nm decouple for different atom pairs nm and surfaces ±:
Thus, it is sufficient to consider each atom pair separately in order to obtain the full dynamics. Moreover, for each atom pair nm the adiabatic surfaces U ± nm (r nm ) depend only on the relative interatomic distance. Hence, the time-propagation can be reduced to a one-dimensional problem by transforming the dynamics for each pair to relative and center of mass coordinates, where the center of mass motion trivially decouples from the dynamics.
Having introduced the representations of the wave functions, we now define the initial state of two superatoms with different angular momenta, as mentioned in the introduction. The state at t = 0 is assumed to be a direct product of the form
where | ψ ini el is the initial electronic state and | χ ini sp the initial wave function of the atoms. The former corresponds to all atoms in cloud A coherently sharing the Rydberg s-excitation and all atoms in cloud B coherently sharing the Rydberg p-excitation:
The initial atomic wave function is taken as a product of one-dimensional Gaussians in position space, centered around the respective centers r A , r B of the two clouds,
where
denotes a Gaussian in D dimensions. The width σ is taken such that σ < r bl and σ L, where L = |r A − r B | is the distance between the clouds. This choice of the initial spatial wave function models an experimental preparation of the atoms in the lowest oscillator states of two harmonic traps. From the initial state, we can also directly infer the initial adiabatic expansion coefficients φ ± nm (r nm , t = 0). As mentioned before, for each atom pair nm we only consider the relative coordinate r nm in the equation of motion Eq. (11) for the adiabatic expansion coefficients, and the choice Eq. (14) yields
Finally, we note that the position-dependent dipoledipole potential entangles the electronic interactions and atomic motion [14] [15] [16] 36] , so that for t > 0 the direct product form of the initial wave function in Eq. (12) will not persist.
III. DYNAMICS IN THE ELECTRONIC SUBSPACE
Before tackling the intricate interplay of electronic excitation and atomic motion, we first study the dynamics of the populations of Rydberg s and p excitations in each cloud caused by the dipole-dipole interactions. The probability to find an s-excitation on atom n and a pexcitation on atom m is easily obtained from the diabatic representation (cf. Eq. (7)):
From that, we can define the s-population and ppopulation in each of the clouds. For example, the spopulation in cloud A is given by
It is sufficient to consider P s A (t), since the s-population in cloud B and the p-population in each cloud, defined in the same manner, directly follow from the conservation of the total probability. For our initial state (Eq. (13)) we have P s A (t = 0) = 1. Due to the interactions (Eq. (5)), the s-population will migrate from cloud A to cloud B, while p-population will migrate from cloud B to cloud A, resulting in Rabi-oscillations of the quantity P s A (t). These oscillations dephase due to the width of the initial spatial wave functions | χ ini sp and can be quite accurately described by the following analytic expression:
with ω = (2V 0 /L 3 )/ . As shown in Fig. 2 , this expression indeed shows very good agreement with the exact quantum mechanical result.
To illustrate the origin of this behavior, let us start with a very simple picture and treat the atoms as point particles fixed in space. In that case, the entire dynamics is encapsulated by the wave function in the electronic subspace,
with the coefficients f nm evolving according to
Consequently, the s-population in cloud A in the fixed point particle limit P s A (t) is given by
To obtain an explicit expression for this quantity, we first consider the simplest case N A = 1 and N B = 1, where we denote the distance of the two atoms by d. The probability p(t) to find the s-excitation at time t on the atom in cloud A is easily obtained from Eq. (21):
The expression in Eq. (22) is nothing but the average of p(t) over all the atom pairs nm. In other words, we consider a large number of realizations k of single atom pairs with interatomic distances d k and define
This yields
for the s-population in cloud A in the fixed point particle limit, where G is the total number of atom pairs. exactly the same as in the case N A = 1 and N B = 1, we simply have added to the average over positions an average over blocks, which has exactly the same structure. In the limit G → ∞, the sum in Eq. (25) becomes an integral, in which the distances d k follow the spatial distribution of the fixed atoms. If the classical spatial distribution of the distances, F (d), is chosen as
. It may seem surprising that a simple model which ignores both the atomic wave functions and the interplay between electronic excitation and atomic motion gives a correct result. This is due to the fact that the time scales on which the exchange of excitation population occurs are very short compared to the time when atomic motion becomes relevant, and the kinetic energy on these timescales is very small compared to the dipole-dipole interaction. In Appendix A we explain this agreement more formally using a semiclassical propagator and demonstrate in particular why an average over a static ensemble is able to resemble the quantum mechanical result.
To summarize this section, we conclude that due to the particular form of H el , the time evolution of elec-tronic populations per cloud for arbitrary N A , N B is identical to the average over an ensemble of systems with N A = N B = 1. We explicitly demonstrated this using a point particle model, and further argue in Appendix B that this behaviour will persist fully quantum mechanically. Note, however, that while the point particle approximation gives a correct description for the specific case studied here, it will in general give results different from a full quantum mechanical treatment. As an example, consider a setup in which the two clouds are additionally confined in two strong harmonic traps with energy spacing ∆E V 0 /L 3 . In this case the kinetic energy term is by construction much larger than the dipoledipole interaction. Then, in a quantum treatment, P s A (t) would undergo long coherent oscillations without dephasing, while an average over point particles would show fast dephasing as without the traps.
IV. ATOMIC MOTION
We now consider timescales on which the dipole-dipoleinduced atomic motion becomes relevant. Although the motion of the atoms is restricted to one dimension along the separation of the clouds, the full many-body problem is still too complex to be treated fully quantum mechanically. Therefore, we use a quantum-classical hybrid approach, which has been successfully applied to similar systems [14] [15] [16] , namely Tully's fewest switching algorithm [37] [38] [39] . The method relies on a classical treatment of the atomic trajectories and a quantum mechanical treatment of the electronic degrees of freedom. A detailed description can be found in the aforementioned references, and we only briefly summarize the main aspects relevant for the present problem in Appendix C.
The results of the simulations are shown in Fig. 3 . We observe that, although the initial Rydberg excitation is coherently shared by all atoms within one cloud, it is nevertheless just a single atom that is ejected from each cloud. The atoms are still in a coherent superposition where each of them has left its cloud with some probability, but the ejected atoms always carry the excitation and an ensemble of ground-state atoms stays behind. In this sense the superatoms break apart when subject to dipole-dipole induced motion, since excited and groundstate atoms are now spatially separated.
Another interesting aspect is that the resulting motion is a superposition of repulsion and attraction. It is known [14] that for single Rydberg atoms interacting via dipole-dipole-forces, the direction of the force can be controlled via the initial electronic state; The same holds for our system, i.e., the choice of | ψ ini el in Eq. (13) determines the atomic motion. For V 0 > 0, the initial electronic states
(|π nm ± |π mn ) (27) correspond to purely attractive (+) and repulsive (-) mo- The color indicates the probability to find any Rydberg excitation (|s or |p ) at a given position. In this figure, we do not distinguish between |s and |p excitations, since the dephasing oscillations of electronic population, as shown in Fig. 2 , occur on the short timescale t ∼ 0.2 µs and are therefore not shown here. We observe that the main bulk of the atoms remains at rest, with vanishing probability to find an excitation. A pair of single atoms is ejected, and the Rydberg excitation is entirely localized on those two atoms. The calculations are shown for NA = NB = 3, for the same parameters as in Fig. 2 but with M = 12600 a.u., corresponding to the mass of 7 Li.
tion of the atom pair. The initial state chosen in Eq. (13), describing two superatoms, is a superposition of these two states, and consequently leads to a superposition of two opposite motion directions. The presented results have interesting implications for quantum transport protocols based on single-atomic aggregates, such as adiabatic entanglement transport [15, 16] . Our findings show that even in an ensemble of atoms which share the Rydberg excitation, only one of them will be set in motion by dipole-dipole forces. This facilitates the experimental realization of transport schemes in [15, 16] , since there is apparently no need to isolate single atoms. As formally discussed in Appendix B, our results can be extended to more than two clouds, due to the block structure of the full Hamiltonian, Eq. (2), and the corresponding time evolution operator U (t) = exp [−iHt]. A 'Gedankenexperiment' presenting the transport scheme of Refs. [15, 16] [15, 16] . Color codes are as in Fig. 1 . All but one atom from each cloud remain at rest and do not participate in the dynamics, hence excitation and entanglement transport occur equivalently in both schemes. For the sake of clarity, the lower panel shows the dynamics for a well defined choice of initially excited atoms in each cloud, while the complete dynamics consists of a superposition where each atom in each cloud has the chance to be the only one from that cloud participating in the dynamics.
atoms and with atoms clouds, is sketched in Fig. 4 . If atom clouds are used one should consider that the transport efficiency may be affected by collisions of moving Rydberg atoms with ground state atoms at rest for a large number of atoms per cloud. However, as estimated in Appendix D, in an ultracold gas such processes can be neglected on the microsecond timescale. Let us finally mention that the validity of the adopted quantum-classical hybrid approach was verified by comparing the time evolution of the spatial probability density with a full quantum calculation for the accessible case N A = N B = 2, as 
V. SUMMARY AND CONCLUSIONS
We have studied the effects of dipole-dipole interactions on two Rydberg-blockaded atom clouds. Each cloud is initially prepared in a superatomic state, where the atoms within one cloud coherently share a Rydberg sand p-excitation, respectively. On short timescales, we observe dephasing oscillations in the angular momentum of the Rydberg excitations in both clouds. We found that the dephasing many-body system can be resembled by an average over single dipole-dipole-interacting atom pairs, as long as the spatial distribution of these pairs mimics the initial quantum mechanical density. On long timescales, the dipole-dipole interactions induce atomic motion. For the setup considered in this paper, the forces physically remove the initial coherent single excitation from both clouds. A single atom pair leaves the clouds with the excitation entirely localized on this pair. This finding may facilitate an experimental realization of quantum transport protocols in Rydberg aggregates, such as proposed in [13, 15] since one-atom-sites can be replaced by micro traps containing several atoms.
Appendix A: Semiclassical propagation on short time scales
In this section, we re-derive the expression from Eq. (19) using the semiclassical Herman-KlukPropagator [40] [41] [42] [43] . We have already seen in section III that the expression correctly describes the dephasing Rabi-oscillations of electronic populations, since it agrees with a full quantum mechanical calculation (see Fig. 2 ). We have also seen that it can be obtained within a rather crude approximation, namely by modeling the atoms as fixed point particles. The following derivation serves as an explanation why this approximation works in our case.
The Herman-Kluk propagator K HK evolves a quantum mechanical wave function in time semiclassically by means of classical phase-space trajectories. Given an initial wave function φ(R , t = 0) at time t = 0 and position R , the propagator provides the wave function at time t and position R :
(A1) We are going to apply the propagator to the adiabatic wave functions φ ± nm (R, t) (cf. Eqs. (11) and (16)). We will omit the subscript nm in this section, and further restrict the treatment to a single coordinate r nm ≡ r. As already argued in section II, this is sufficient due to the decoupling of the equations of motion for each atom pair and the transformation of the problem onto relative and center of mass coordinates.
The explicit form of the propagator is given by
Here, | z are coherent states centered on position q and momentum p,
with χ σ N from Eq. (15) . The width σ 0 of these states is just a parameter that is relevant in a numerical implementation and hence shall not concern us here. The classical trajectories (q t , p t ) evolved with the Hamiltonian
which is a complex number. Note that in the multidimensional case, the prefactor is a complex valued determinant composed of stability matrix blocks [43] . We consider short times and hence expand the classical trajectories (q t , p t ) up to first order in time,
This is, in fact, the central approximation which enters the present derivation. It simplifies Eq. (A4) to
After inserting the trajectories into the expression for the Herman-Kluk propagator, expanding U ± (q t ) around t = 0 to first order in time and collecting all terms, we obtain
Carrying out the momentum integration yields a δ-function in R and R ,
The delta-function in the propagator tells us that we can indeed map the quantum mechanical result onto an average over static realizations. Finally, to find the explicit form of this mapping, we have to perform the integration in position space. In the semiclassical context of K HK this is done consistently with the stationary phase approximation [43] :
where x 0 is the stationary point satisfying f (x 0 ) = 0. Using this formula and the → 0 limit of the prefactor C(q), we arrive at the following simple expression for the Herman-Kluk propagator:
By applying this propagator to the initial adiabatic expansion coefficients from Eq. (16) .
(A12) After insertion of the Herman-Kluk-propagated wave functions, the expression reads In Section III, we have seen that the electronic Hamiltonian for a collection of Rydberg-blockaded atom clouds, Eq. (6), can be cast into a block-structure, where in each block only a single atom per cloud participates in nontrivial electronic dynamics. In this appendix we formally show that this leads to rapid entanglement of motion and electronic state, since in each block also only one atom per cloud performs non-trivial motional dynamics. This holds for any number of clouds and atoms per cloud. We show that non-adiabatic transitions do not affect this picture, as they respect the block structure. Let us consider the example of three clouds with two atoms each. The generalization to other numbers is straightforward.
Let the atoms be grouped into clouds A = {1, 2}, B = {3, 4}, C = {5, 6}. In that case the total Hamiltonian, including atomic motion and the electronic degrees of freedom, can be written as
We have abbreviated the kinetic energy term for each atom as
..] denotes a block-diagonal matrix, with 3 × 3 blocks H j (r k , r l , r m ). Crucially, each block only depends on the coordinates of three atoms, with k ∈ A, l ∈ B, m ∈ C, i.e., one from each cloud. The latin index j numbers the blocks. Consequently, the timeevolution operatorÛ (0, t) = exp [−iHt/ ] also assumes a block-structureÛ = diag[Û 1 ,Û 2 ,Û 3 , ...], witĥ
We have used the operator hat onÛ here exclusively to avoid confusion with the potential energy surfaces U occuring elsewhere.
In Eq. (B2), the second exponential acts only on atoms k, l, m, while the first one describes free motion of the remaining atoms. Now, consider a time evolution beginning in an eigenstate of the electronic Hamiltonian H el which will have support only in a single block j 0 of H. The form ofÛ j immediately tells us that three particles undergo dipole-dipole dynamics and the other ones perform free motion. Starting in a non-eigenstate will lead to quick entanglement of motion and electronic state, as in each block three particles with different j participate in non-trivial dynamics. The block structure ofÛ j also immediately confirms the absence of non-adiabatic transitions between exciton states in different blocks. For an alternative argument, note that ∇H el will have the same block-diagonal structure as H el . From that we can see that non-adiabatic coupling terms (defined in the next appendix C in Eq. C3) vanish whenever the involved adiabatic eigenstates have support in different blocks.
Appendix C: Tully's algorithm
We start from the total Hamiltonian as given in Eqs. (2) or (B1). Tully's algorithm is implemented as follows. One first finds the adiabatic eigenstates in the electronic subspace |ϕ k (R) and the corresponding energies U k (R), and expands the wave function in this basis, cf. Eqs. (8) and (9) . However, contrary to a full quantum mechanical approach, the expansion coefficients do not depend on the atomic positions, and here we denote them by c k (t) to emphasize the difference,
The adiabatic expansion is inserted into the timedependent Schrödinger equation, which leads to a set of equations for the time-dependent expansion coefficients,
In Eq. (C2), we introduced non-adiabatic coupling vectors
Atomic motion is treated classically, i.e., the time evolution of the spatial degrees of freedom is obtained from Newton's equations of motion,
and averaged over many trajectories. The averaging is performed such that the initial conditions for Newton's equations, namely the position R(t = 0), the velocitẏ R(t = 0) and the adiabatic surface k(t = 0), resemble the Wigner distribution of the initial state. Then each trajectory is propagated on a single adiabatic surface k and the presence of non-adiabatic couplings d kj is accounted for by introducing the possibility for instantaneous stochastic switches to another adiabatic surface j, as described in detail in Ref. [38] .
